Invasive waves are found in a novel variant of a reaction-diffusion system used to extend an evolutionary adversarial game into space wherein the influence of various strategies is allowed to diffuse. The waves are driven by a nonlinear instability that enables an otherwise unstable informant state to travel through an initially uncooperative state leaving a cooperative state behind. The wave speed's dependence on the various diffusion parameters is examined in one and two dimensions. Various other phenomena, such as pinning near a diffusive inhomogeneity, are also explored.
Introduction
Social interactions are inherently unpredictable. Any decision is plagued with confusion about the actual benefits of any single choice, and generally no clear optimal strategy exists. Game theory provides a strong foundation to understand these probabilistic interactions on a local and discrete scale. Unfortunately, most of these social games do not take space, or the influence of nearby peers, into account. The spatial component creates a far richer spectrum of possible outcomes than is seen in simple games. By adding space and studying the expected dynamics for a large number of players, altruistic patches can nucleate and invade the otherwise uniformly uncooperative background.
Various approaches exist to study spatially extended games. The standard approaches, as in [18, 19] , generally involve observing pairwise games restricted to a partially connected network. The network structure strongly influences whether or not different states can coexist and cluster. In [7] [8] [9] , a promising and entirely new class of partial differential equations (PDEs) is introduced which balances the choice between an optimal strategy and the inability to execute it due to the surroundings in the limit of an infinite number of players; the necessary theory for these systems is still in its infancy. The present approach likens the different possible strategies to predators and prey in the classical invasive species literature. The associated equations are structurally similar, as is the observed behavior of the solutions.
We want to explore a novel spatially extended version of an evolutionary adversarial game which was developed in [17] to study the formation of cooperation from war torn or crime dominated societies. By allowing the influence of cooperation to weakly spread throughout the system, we will see an invasion of cooperation and utopia (a crime-free state) spreading quickly through a uniformly criminal initial state. Our framework relies on the observed equivalence between a large discrete game and a continuous ordinary differential equation (ODE) from [17] . The game dynamics are captured locally by the ODE, while the spatial influence of neighboring states is included through the diffusion of possible strategies. The full model is then a PDE. Each point in space should be thought of as a state vector, and the diffusion should not be thought of as individuals moving, but as the influence of neighbors affecting judgment at that location. The diffusion of a witnessing criminal (informant) leads to a family of traveling waves in the spatial system. In the absence of informants, or the inability for informants to diffuse, no traveling waves develop. The presence of nearly any diffusing informants invariably leads to utopia throughout most of the system even when only criminal states initially exist. The informants are a criminal state, and are inherently unstable. They are important to mediate, or catalyze, the transition to a crime-free state, but they leave no informants in their wake. Example waves are shown in figures 1 and 2.
It is important to note that utopian or dystopian strategies can invade each other without informants. This invasion generally depends on the size of the invading state and the strength of the diffusion of each species, and is diffusively driven. Traveling waves should not develop, but moving fronts with a changing profile can be seen at the interface. For uniform diffusion in the absence of informants, dystopian states appear more likely to invade than utopian states. Basically when the dystopian patch reaches a critical size, it can invade. Below this threshold, the utopian states dominate. See figure 3. Informants appear necessary for the development of traveling waves, and enable the utopian states to invade even when dystopia controls most of the space. In the absence of informants, the dystopian state is more likely to persist than utopia.
A rich variety of outcomes can occur depending on the size of the initial perturbations and geometry of the underlying space. However, we still see that informants are crucial for establishing a utopia, even in the spatially extended systems. In the spatial system, a family of stable traveling wave solutions with informants exists, and this family mediates the transition to utopia. Whereas the original game always progresses to utopia when any informants are present, our spatial model can exhibit stable dystopian patches near utopian areas. The threshold for this type of behavior depends on the dimension of the underlying states. Informants can diffuse away, or even be consumed by the nearby paladins, before they can sufficiently transform the dystopian areas. Spatial variations in the diffusive constants can actually stabilize a stationary state with informants, which cannot exist in the ODE model or the homogeneous PDE model.
Details of the game
In [17] , an evolutionary adversarial game was created to model and understand the progression of criminal societies towards a crime-free utopian state. Their society consisted of a fully connected network of players; any given player could interact with everyone in the system. In their framework, an informing criminal proved crucial for the development of a utopia. The game progresses in rounds of two player interactions. At the end of each round, the loser undergoes a strategy update. There are two criminal types (I informants and V villains) and two non-criminal types (P paladins and A apathetics) with a total of N := P + I + V + A players. Essentially, crimes occur according to a Poisson arrival process and a criminal is chosen at random from the pool of I + V informants and villains. Then for each crime, a victim is selected at random from the N − 1 remaining players. The criminal and victim start each round with a value of one. The criminal tries to steal an amount δ ≤ 1 from the victim, which if successful leaves the criminal with value 1 + δ and the victim with value 1 − δ. At this stage, another distinction between the four player types is relevant. The informants and paladins will both report crimes and witness for the adjudication; the villains and apathetics will not. If the victim is an apathetic or villain, they end the round with a total value of 1 − δ and the successful criminal finishes with value 1 + δ.
If the victim is a witnessing type (P or I), a trial ensues. A jury of M ≤ N − 2 players is chosen from the remaining population of people. Only the paladins and informants will witness, hence the witnessing fraction of the jury can be defined as w = m P +m I M ≤ 1 where m P,I are defined as the number of paladins or informants in the jury. The criminal is convicted with probability w. The victim's value is reset to 1 and the criminal's value, as punishment, is set to 1 − θ with θ ≤ 1. If the criminal is found not guilty, which occurs with probability 1 − w, he is allowed to keep his plunder and his value remains at 1 + δ, while the victim ends with value 1 − δ − with ≤ 1 − δ. This additional loss can be thought of in two ways: the victim loses faith in the system, or feels retaliation from the community for reporting the crime.
At the end of each round, the loser, or player with less wealth, undergoes a strategy update. The loser mimics the criminal or the victim with probability proportional to either the criminal's payoff or the victim's payoff, respectively. If the loser copies the criminal, then the loser finishes as either an informant or villain. However, if the loser copies the victim, the loser will not end as a criminal type, and will only copy the victim's propensity to serve on a trial finishing as either a paladin or an apathetic.
The results of [17] suggest that the presence of informants forces the system to progress towards a utopian crime free state; this, and the updating strategies, are being tested with human players in an ongoing series of social experiments at UC Irvine. Additionally, Short, Brantingham, and D'Orsogna were able to derive a system of ODEs which reproduced the numerical results for large values of N and for which all trajectories with any informants ended in utopia. The following system was derived by taking the expectations from the probabilistic game, and has the property that for initial data P 0 + I 0 + V 0 + A 0 = 1, the sum P + I + V + A = 1 is conserved. Note that P, I, V, and A are now meant to be fractions of the total population:
Clearly, any state with I = V = 0 is a fixed point, as is the state (A, V ) = (
2 ). Only the states with . A large enough informant pulse will still produce a traveling wave, but might exhibit a dystopian boundary on either side of the initial condition that is left behind after the pulse is produced. This is seen developing before the x = 0 pulse hits the paladin bump in the region x = [2, 5] .
I = V = 0 and
are stable. Furthermore, there are no fixed points with any informants. One difficulty associated with this system is that the fixed point (A, V ) = (
2 ) is linearly stable, but nonlinearly unstable. The above equations can be turned into a reaction-diffusion system in space simply by adding appropriate diffusive terms
We will use the notation P = (P, I, V, A) T to represent the time-dependent state vector at a particular location.
The behavior of the neighboring states will then effect the dynamics of this state vector. The negative terms in the diffusion matrix simply guarantee that N is conserved even when the different species diffuse at different rates: summing the four components givesṄ = (1 − N )(D P ∆P + D I ∆I + D V ∆V + D A ∆A) which has N = 1 as an equilibrium. This gives results similar to solving the above equation without the negative terms in the diffusion and enforcing N = 1 by subtracting the excess off of P, I, V, and A at each iterative step. This model is very similar to those studied in the invasive species literature, and exhibits a family of traveling waves for an initial compactly supported informant pulse in a uniform background of villains. We generally solve this using forward Euler with a Fourier spectral method for the diffusion. This is stable for a sufficiently small step size.
Traveling waves
The speed of traveling wave solutions for reaction-diffusion equations has been an active area of research since the pioneering works by Fisher [4] and independently by Kolmogorov, Petrovskii, and Piscounov [6] . The study of traveling wave solutions to reaction-diffusion systems, and related iterative systems, has been well-documented in the invasive species literature. Many of these results are actually established for recursive equations of the form u t+1 = Q(u t ), t = 0, 1, . . .
with the vector u t representing the population densities of various species at each iteration. Often, reactiondiffusion systems can be brought into this form by using a fixed time ∆t flow for Q with minimal constraints on the actual reaction-diffusion system. In this setting, the minimum invasion speed of a single predatory species into the territory of several cooperating species can sometimes be modeled and predicted as a function of the predator's diffusion coefficient. For the discrete-time recursion formulations, the comparison principle is necessary. This approach is described in [10, [21] [22] [23] . The analysis for a reaction-diffusion system usually relies on either the comparison principle or a linear analysis at the wave front. [13, 14] applied Brownian motion to the KPP equation to get similar results as [6] . In many cases, the marginal stability criterion from the linear analysis is sufficient to determine the selected wave speed. These are called linearly determined systems and the traveling wave is referred to as a pulled front. When the selected speed is determined by the system's nonlinearities, these are called pushed fronts. The terminology of a pushed front originated with the belief that these nonlinearly selected wave speeds were always faster than the associated linear speed. Results in this direction are presented in [11] . Pushed fronts, however, can travel faster or slower than the corresponding pulled front; see [5] for an explicit example of a pushed front in a Lotka-Volterra equation with a slower speed than the marginal stability criterion predicts. [20] provides a thorough review of the theory and results for invasion fronts into an unstable state. Unfortunately, our model does not conform to most of the assumptions used in the invasive species literature. For example, apathetics and paladins both spontaneously appear even when they are initially absent. The different "species" in our model are not cooperative. The traveling wave is not monotone: the informants, who drive an invasive pulse, actually die away as the traveling wave passes. Thus we cannot use a comparison principle. Regardless, treating the informants and paladins as predatory species, we see similar behavior with regard to the wave speed as a function of the various diffusion constants D P , D I , D V and D A .
From the ecological invasion literature [2, 3, 15, 16] in reaction-diffusion models of the form
where f p,h have two nontrivial equilibria p = 0, h = h 0 and p = p s , h = h s (stable), traveling waves appear with constant shape and speed. There are no predators (P, I) in front of the invading front. The marginal stability criterion predicts a speed of c = 2 D p ∂ p f p | p=0,h=h0 . Often, the waves actually move at this speed. The scaling of the speed with the linear eigenvalues and diffusion coefficients can be understood simply by substituting in . Some speeds appear lower than the baseline DP = DV = DA curve; this could be due to measurement error as the traveling waves get broader when DP is large.
the traveling wave ansatz for p and h and rescaling the time and space variables to recover the original equation. Many similar results have been found for iterative equations and for higher dimensional systems where all but one of the species are cooperative. In higher dimensional systems, the different species can travel at distinct speeds [10, 11, 22, 23] . figure 1 . Figure 2 exhibits another strange phenomenon of this model. One large and one small patch of informants develop into an almost uniformly utopian state, except two small criminal regions persist. When the paladins are sufficiently established, they can behave as a sink for informants and inhibit the creation of a utopia nearby. A traveling paladin wave will still develop from the paladin patch, but a small block of villains and apathetics will remain in the neighboring space. This behavior is seen when the initial informant pulse is close to 1, and the state transitions to P ≈ 1 extremely quickly. Clearly if all the strategies are allowed to diffuse, these patches will eventually disappear as in figure 3.
All simulations in this paper were performed using the parameters δ = 0.3, θ = .6 and = 0.2. For this set of parameters, the state (P, I, V, A) = (0, 0, . Allowing the other species to diffuse has no affect until some threshold is reached, at which point a higher wave speed is usually observed. Figure 5 and figure 6 show this for D V and D P . Note that for a small range of values, allowing the paladins to diffuse seems to allow for selection of a slightly slower wave speed than predicted by c(D I ) = 0.42D 0.51 I . For a fixed value of D I , changing D A to many orders of magnitude larger than D I has no effect on the wave speed; the profiles do change but the speed itself is independent of D A . On the left of the domain, there is an informant stripe at I = 0.2 with a small patch at I = 0.6 where the paladins obstruct the formation of utopia. On the top right of the domain is an informant patch of I = 0.9 which does not evolve into a traveling wave, and inhibits the growth of utopia at its border. On the bottom right of the domain is a strip I = 0.2 which produces a oblong invasion front. See [12] for the full movie.
Small informant perturbations will still give rise to invasion fronts in two dimensions. A radially symmetric initial informant pulse develops into an expanding circular invasion front. An initial stripe, on the other hand, develops into planar pulses. The wave speed has a small dependence on the geometry of the invading front. The radial pulse appears slightly slower than the planar pulse, but both travel close to the 1D wave speed when Figure 7 compares the 1D and 2D wave speeds. A sufficiently small I perturbation in the plane does not lead to an invading pulse; the threshold for this is much larger than in 1D. As in 1D, if the informant level is initially too high, the boundaries may never develop into utopia even though a traveling paladin invasion wave can develop. However, if the informant level is very near to 1 initially, no traveling pulse may develop at all. This behavior is exhibited in figure 8 and the accompanying movie at [12] . The dystopian patches will remain stable in these simulations because only the informants are allowed to diffuse.
There are no equilibrium solutions to equation (2.1) with any informants. For equation (2.2), a stable traveling informant pulse can develop, but we still do not observe any stationary solutions with any population of informants. By introducing a spatial heterogeneity in the diffusive coefficients, specifically a spatial region where informants cannot diffuse, we can find a stationary solution with informants. If being an informant was considered especially risky, such as in an organized crime network, you might expect such a region. As you got farther out in the network, the risk of being an informant would be significantly lower and the diffusion could be inhomogeneous. In this setting, a pinned front rests at the interface between dystopia and utopia as is seen in figure 9 . The informant pulse is pinned at the interface between D I = 0 and D I = 0, though its amplitude is smaller than the original traveling pulse's amplitude. The stationary profiles are shown in figure 10 along with the amplitude of the informant wave as a function of time. Pinning has not been observed when the informants are still allowed to diffuse throughout the domain, even if the diffusion in certain regions is drastically limited. The traveling wave generally persists with a change in speed and shape. In certain instances, the traveling wave seems to disappear at the interface, though eventually utopia still seems to invade the dystopian region wherein the informants diffuse very slowly.
Discussion
In figure 4 , the wave speed c has the functional form c = c 0 √ D in either the case
this should happen when all of the nonzero diffusive terms have the same diffusion constant. This is expected for general reaction-diffusion equations, and in our case, once a traveling wave is known to exist. However, the wave speed selection problem (determining the constant c 0 ) appears to be intractable for our equations. Assume that for a diffusion strength D = 1 a traveling wave P (x−c 0 t) exists. Then, for an arbitrary choice of diffusion constant D = 1, the equations can be related back to the D = 1 case through the change of spatial variable x = √ Dy. The traveling wave then satisfies P (y − c 0 t) = P (
This also implies the width of the traveling wave should vary with √ D as is seen in figure 11 .
These traveling waves can be seen as an intersection between the unstable manifold of the unstable solution (P, I, V, A) = (0, 0, 2 ) to the ODE (2.1) and the stable manifold of one of the stable solutions (P, I, V, A) = (p, 0, 0, 1 − p). Using a linear analysis around the invaded state, the marginal stability criterion can be used to predict the wave speed to leading order [1, 5, 20] . Unfortunately, this requires that the invaded state be linearly unstable. Our unstable solution is linearly stable so this criterion does not produce useful estimates.
The question of existence for a traveling wave can be recast in terms of intersections of the unstable W u + and stable W s − manifolds of the invaded p + and invading p − states, respectively. The general approach is to rewrite the PDE as an ODE by assuming the solution is a traveling wave P (x − ct). This ODE can then be recast as an eight dimensional first order system. Generally speaking, the eigenvalues of the eighth order system linearized Figure 10 : On the left, the maximum value for I from figure 9 is plotted as a function of time. On the right, the stationary profile of the pinned front at time T = 1000 is shown: dashed green for P , solid blue for I, dotted red for V , and dashed-dotted purple for A. It is then straightforward to rewrite this as a first order system. The linear system around p + appears to have no unstable directions, though we expect W u + to be two dimensional because of the nonlinear instability from [17] . W s − appears to be six dimensional, but we have a one dimensional manifold of possible invading equilibria. In the linear system, there are two null eigenvalues which correspond to shifting along this family of stable equilibria. Thus, if one traveling wave exists, we expect an entire curve of traveling waves to exist which can be found by varying the wave speed and the invading equilibrium. The traveling waves we see by varying the diffusion coefficients corroborate this; as different wave speeds are selected (when the diffusion is different in the various components) different invading states are selected. The invading value of P changes from approximately 0.9 when only D I = 0 to almost 1 when D V = 0 is large: see figures 11 and 12.
The informant profile is non-monotone for all of our traveling waves. For most of our simulations, all the other profiles do appear to be monotone. Figure 12 shows that for large enough values of the other diffusion coefficients, this monotonicity can break down (in this case for the apathetics). It would be interesting to understand whether the breakdown of monotonicity in the other fronts is related to any anomalies in the selected wave speed.
The driving instability in this system is unfortunately nonlinear, which limits what we can do analytically. However, the nonlinear effects and the addition of space lead to very interesting dynamics. Clearly, a strong understanding of how the spatial setting changes decisions in game theoretic models is extremely important to many social questions. Here we provide one new way in which these effects can be explored when we treat the appropriate social network in a continuous fashion. The invasion of cooperation is extremely robust in these models as long as the population is willing to mimic an informant's behavior.
